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SECTION I

INTRODUCTION

In a previous paper (Ref. 1) the author derived the coherence function for the
circumstances of the title, In this paper, the mean value of the field is obtained when

forward scattering dominates. The region of validity of the solution is obtained.

It is shown that, except for cylindrical spreading loss, the mean value of the
field is the same as that of the corresponding plane wave case treated by Tatarskii

(Ref. 2). The region of validity is shown to be the same as that of the plane wave case,

As in Reference 1 long range propagation is assumed,

1-1/1-2



SECTION II

THE MEAN OF THE FIELD

Following Reference 1, let the source be monochromatic and cylindrical

with radius € such that
ke >>1 (2-1)
Let the source radiate into a statistically isotropic and homogeneous medium.

The wave equation in cylindrical coordinates is given by

8% 0.5 t) +1 900,88 .A0)p0,s1

8p° : 3p
Qrpp, ) 3% o, 81 .
5 > i P = € (2’2)
c ot
where s represents the pair (¢, z) and
2 2
1 9 0
Alp) = —5 —5+ — (2-3)
p~ 9¢ 9z
Utilizing the fact that by hypothesis
pk >> 1 (2-4)
one has
ik _,
¢@.s,t)=b(o,s)£_elwt (2-5)

v

Assuming that p (p, s) is small, so that

L+ = 1+ (2-6)
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and substituting Equation (2-5) into Equation (2-2) yields (Ref, 1)

2

2
2tk 2L+ A )b, 5) + U, )b, ) = - o)
ap

where b(p, s) satisfies the boundary condition
b(e, s) = 1 (2-8)

The term 0 2b/8p 2 contributes backscattering to the solution of
Equation (2-7). It will be disregarded here, and its effect will be estimated in the

next section.

Following Reference 1, let the index of refraction covariance function be

Epe, s)u o', s") = u? exp 5
a

= [_(p -p'cos<¢-¢'>)2}

a a

v2-2 _t _v2
.exp[_p sm2(¢ ¢)]exp|:_££_2zL.:| (2-9)

where a is correlation distance of the index of refraction.

Making the long range propagation approximation (Ref, 1) one has

E(u 0, pe', s ~NT u—z-ad(p -p' cos (¢ -¢'))

2 2 2
'" sin -@¢' - z'
-exp[-ﬁ 2(¢ ¢)jl.em[_.L2£L] (2-10)
a a
. 2 2, .
Disregarding 8 “b/8p “ in Equation (2-7) the resulting equation may be
written as

A

2ik exp (ik ¢, 8)) 3p

[em(-ik a6, ) b6, 9 | = - 261 b6.5)
(2-11)
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where

%, s) = L', s)do' (2-12)
€
Multiplying both sides of Equation (2-11) by exp (-ik &), integrating over p, and
multiplying the resulting equation by exp (i®) yields
p

2ik b(p, s) = 2ik exp ik/ u ', s)d!

€

o
-f exp \ik f L", s)do"|@(p") b, s)dp' (2-13)
€ p!

where the boundary condition
b(e, 8) = 1 (2-14)
was used in obtaining Equation (2-13),
p
Let it be assumed that f It @', 8)dp' is Gaussian either because u @, s) satisfies
€
and appropriate central limit theorem or because u (p, s) is a Gaussian field.

In Reference 1itis shownthatb(p ,s) is a functionalof u ', s) with €= p' = p,
Then, due to the sharply peaked nature of the correlation function of 4 ( , s),

p
f pp', 8)do" is statistically independent of b(p ', s). Therefore, taking the
1

p
expectation value of both sides of Equation (2-13) yields

p
2i(k Eb (p, s)) = 2ik E exp(ik/ ue!, s)dp')
€
p P
-/ E exp(ik / pe', s)dp')
€ 1

P

c A(p") Eé) ©', s))dp' (2-15)
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Using the fact that u (p, s) is statistically homogeneous and isotropic it can
be shown (Ref. 1) that b(p, s) is statistically homogeneous and isotropic in s.
Therefore E(b (p, s) ) is a function of p only, so that

A(p") Eé) e, s)) =0 (2-16)

p
E(M). S)) E exp(ikf L', siﬂb')

2
exp|- 55 E (@2 3 s)) (2-17)

and

Using Equation (2-10) one obtains

— p pp
E(d>2(0.s)):~rﬂ_u2a/ / 6@,-py)d,d,
€ €

=NT u2 ap p>> €,p >> a (2-18)

Finally, one has

r —
E(b o, s)) = exp (— _21r_ uz k2 ap (2-19)
This result is identical to the corresponding result for the plane wave case,
obtained by Tatarskii (Ref, 2).

In the next section the region of validity of the forward scattering equation
is obtained.



SECTION III

THE REGION OF VALIDITY OF THE FORWARD SCATTERING EQUATION

Let B, s) be the solution of Equation (2-7), so that
3B p, 8) 0 9
2ik 30 8 +A(p)B(0,S)+2k H(P,S)BQ),S) - _8 B!Ez 8) (3-1)
9p

Suppose Equation (3-1) were to be solved by successive approximation, Then,

B (p, s)is expanded in a perturbation series

B p,s) = bp,s)+tb b, *... (3-2)
where
2k 2202 S 1 ap)be, 8+ 2 6, DG, ) = 0 (3-32)
and
db. @, s)
21k——13p——+ Ap)by 0, 8) + %, b, 8 = _Qib_(a.z_ﬂ@_%)

9

Using the same type of manipulations which led to Equation (2-13), and the boundary

condition
B, 8) = 0 (3-4)

Equation (3-3b) becomes

o p
2ik by(p, 8) = - expﬂc/ ", syd"
I|::'Ir

€

ApY)be', 8+ 12"—43—5—81 d! (3-5)
p

3-1



From the properties of b, s) and u(, s) one finds that bl(o , 8) is statistically
isotropic and homogeneous in s, and that

p
4 v M ", s)dp" is statistically independent of b1 @', s). Therefore taking

the expectation value of both sides of Equation (3-5) yields

P P
2k Eby, b, 8)) = - / Eexp(ik/ o', S)dp">
€ p'

2p(
9 _E\b (g'n 5)) . dp! (3-6)
9p

Equations (2-9) and (2-19) one has

p
Eexpék/ k", S)dp")

p

k2 = p p
exP-—z—"\ET_M a/ / %1'02)(*)1@1
p' Jp'

em(—% 2 k2a (p -p'))

8-7)

and

2

2 —

2% £(b (Pz'- 5)) = <‘_‘“£ u? kza) exp<-~]7?;zk2 ap') (3-8)
9p'



Substituting Equations (3-7) and (3-8) into Equation (3-6) yields

3
3 2
2—-

E(bl 0, s)) = i (uzka) (kp)exv<-—51 M kzap)

@1

oo

I
13

2
(,u,zka> kp E(b b, s)) p>> €,p>>a (3-9)

Then
3

|E(b1(p,s))| L2 .

Eb e, o) e L LT, (3-10)
Thus, if

3

157 3

g \M ka] (ko) « 1 (3-11)

the forward scattering equation is valid. These results are identical to the

corresponding results for the plane wave case obtained by Tatarskii (Ref, 2),
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